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NTT $\mathrm{C}\mathrm{S}$ (Hiroshi Sekigawa) 1)
1.
, p .
, , p .
1 $([\mathit{2}J, pp. \mathit{1}\mathit{4}\mathit{1}-\mathit{1}\mathit{4}\mathit{2})$ $A(x),$ $B(x)$ , $\mathrm{g}\mathrm{c}\mathrm{d}(A(x), B(x))$ .
$A(x)=x^{82}+x-63x^{4}-3X+X+32_{X}-5$ ,
$B(x)=3X+5_{X}64-4x2-9x+21$ .




$C_{5}(x)=\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}(A_{5}(x), B_{5}(X))=2x^{2}$. $+3$ ,
$D_{5}(x)=\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}(B_{5}(x), C_{5}(x))=x$,
$E_{5}(x)=\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r}(C_{5}(X), D_{5}(X))=3$.
Gauss , $\mathrm{g}\mathrm{c}\mathrm{d}(A(X), B(X))=G(X)\in \mathrm{Z}[x]$ , $A(x)=$
$P(X)G(x),$ $B(x)=Q(x)c(x)$ , , $P,$ $Q\in \mathrm{Z}[x]$ . $G,$ $P,$ $Q$ mod 5
$G_{5},$ $P_{5},$ $Q_{5}$ , $A_{5}(x)=P5(X)G5(X),$ $B5(x)=Q5(X)c5(X)$ .
, $G_{5}$ $\mathrm{g}\mathrm{c}\mathrm{d}(A5, B5)$ . , $\mathrm{g}\mathrm{c}\mathrm{d}(A_{5,5}B)=1$ , $G$
, $G=1$ .




, $P$ , ,
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, $P$ , , . $K$
. , P $\mathfrak{p}$ , $p$ $K$
$\mathfrak{p}$ , , $\mathfrak{p}$ $K$ $P$ $\mathrm{Q}_{p}$
( , Qp , , $\mathrm{Q}_{p}$ ). , $p,$ $\mathfrak{p}$
, $K$ $\mathrm{Q}_{p}$ ( , $P$ $\mathrm{Z}_{P}$ ) , $\mathrm{m}\mathrm{o}\mathrm{d} p^{e}$
, . $P$ , ,
, , [4], [7] .
2. $p$
, .
2 $\alpha$ $x^{2}-2=0$ . $A\{x$), $B.(x.)$ , $\mathrm{g}\mathrm{c}\mathrm{d}(A.(X), B(x))$ .
$A(x)=x^{3}+\alpha x+2x+1$ ,
$B(x)=3x^{2}+2_{\mathit{0}}X+2$ .





$\mathrm{Q}(\sqrt{2})$ $\mathrm{Z}[\sqrt{2}]$ UFD , 1 $\mathrm{g}\mathrm{c}\mathrm{d}(A(x), B(x))=1$
( , , UFD , ).
, $\alpha\mapsto a$ mod 7e $e$ ( ) .
$\alpha->10$ mod $7^{2}$ ( $10^{2}\equiv 2$ (mod $7^{2}$ ), $10\equiv 3$ (mod 7)),
$\alpha\mapsto 108$ mod $7^{3}$ (108 $\equiv 2$ (mod $7^{3}$ ), $108\equiv 10$ (mod $7^{2})$ ),
$\alpha-$, 2166 mod $7^{4}$ (21662 $\equiv 2$ (mod $7^{4}$ ), $2166$ $\equiv 108$ (mod $7^{3})$ ),
, [8] .
$P$ , .
$\bullet$ . $e$ $\alpha\mapsto a\not\equiv 0\backslash$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{e})$ $\alpha\neq 0$ .
$\bullet$ . , , $e$ $\alpha\mapsto a\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{e})$
, Mahler measure , $\alpha$
[6] ( , [6] , Mahler measure ,
Mahler measure – ). $\alpha$ , $M(\alpha.)$ $\alpha$ Mahler measure
. , .
$\alpha\mapsto a\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p^{e})$ $M(\alpha)<p^{e}\Rightarrow\alpha=0$
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, $\alpha\in \mathrm{Z}$ , $M(\alpha)=\mathrm{f}\alpha|$ , .
$\alpha\equiv 0$ (mod $p^{e}$ ) $|\alpha|<p^{e}\Rightarrow\alpha=0$
$\bullet$ , $P$ ([1] ).




$f(x)\in \mathrm{Z}[x]$ , $\mathrm{Q}$ $\deg(f)\geq 2$ , $\alpha$ $f(x)=0$ . $\alpha$
$\mathrm{m}\mathrm{o}\mathrm{d} p^{e}$ , $\mathrm{Z}[\alpha]arrow \mathrm{Z}/p^{e}\mathrm{Z}$ . ,
, $\mathrm{Z}[\alpha]arrow \mathrm{Z}/p\mathrm{Z}$ , , $P$ , . ,
$\mathrm{Z}[\alpha]arrow \mathrm{Z}/p\mathrm{Z}$ $\alpha$ $a$ mod $P$ . , $f(a)\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$
, , $f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $x-a$ .
, $f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $P$ .
Frobenius , cycle pattern decomposition type
.
1(cycle pattern) $G$ $n$ . $G$ $\sigma$ , $\sigma=\sigma_{1}\sigma_{2}\ldots\sigma_{t}$ ,
, $\sigma_{i}$ q, , $1\leq l_{1}\leq\cdots\leq l_{t},$ $l_{1}+\cdots+l_{t}=n$ , , $\sigma$
cycle pattern $l_{1},$ $l_{2},$ $\ldots ll_{t}$ , .
2(decomposition type) $f\in \mathrm{Z}[x|$ , $0$ , .
$f$ $P$ , $f$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ ,
$f\equiv f_{1}f_{2}\ldots f_{t}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ , $\deg(f_{i}\mathrm{m}\mathrm{o}\mathrm{d} p)=d_{i}$ , $d_{1}\leq d_{2}\leq\cdots\leq d_{t}$ ,
, $f_{i}\mathrm{m}\mathrm{o}\mathrm{d} p$ $\mathrm{Z}/p\mathrm{Z}[x]$ , . , $f\mathrm{m}\mathrm{o}\mathrm{d} p$ decomposition
type $d_{1},$ $d_{2},$ $\ldots,$ $d_{t}$ , .
, Frobenius .
1(Frobenius ) [3] $f\in \mathrm{Z}[x]$ , $0$ , , $f$
Galois $G$ . $G$ , $f=0$ $\alpha_{1},$ $\ldots,$ $\alpha_{n}$ , $n$
. $G$ cycle pattern $n_{1},$ $n_{2},$ $\ldots,$ $n_{t}$ , $f\mathrm{m}\mathrm{o}\mathrm{d} p$
decomposition type $n_{1},$ $n_{2},$ $\ldots,$ $n_{t}$ $P$ .
, .
1 $f\in \mathrm{Z}[x]$ , $f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $P$ .
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$f$ $\mathrm{Z}$ .
$f$ , 1 , $f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $P$
( cycle pattern 1, 1, . . ., 1 ).
$f$ , $f$ $c$ , $n$ . $p|c$ $P$
, $c^{n-1}f(x/c)$ , $\text{ }--$
.
$\blacksquare$
1 3 , , Dirichlet :
$m\geq 1$ . , $(a, m)=1$ $a$ , $P\equiv a$
$(\mathrm{m}\mathrm{o}\mathrm{d} m)$ .
.
, Frobenius Dirichlei , ,
( ) . Dirichlet Frobenius , “least common
generalization” Chebotarev $l^{\mathit{1}\mathit{0}}\mathit{1}\text{ }$ .
3 $f(x)=x^{2}-2$ . , ( )
.
$f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $\Leftrightarrow p=2$ $p\equiv 1_{f}7$ (mod 8)
, Dirichlet , $f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $P$ .
, , , – $\alpha$ $\mathrm{Q}$
, , $\mathrm{Q}(\alpha)$ .
$f\in \mathrm{Z}[x](\deg(f)\geq 2)$ , $\alpha$ . $f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $P$
, 1 $P$ .
1
1. $\deg(f\mathrm{m}\mathrm{o}\mathrm{d} p)=\deg(f)$ .
2. $f\equiv 0$ ( $\mathrm{m}\mathrm{o}\mathrm{d}_{P)}$ .
3. $f\mathrm{m}\mathrm{o}\mathrm{d} p$ , $x-a(a\neq 0)$ – .
. - , $f$ ,
. , $f(a)\equiv 0$ ( $\mathrm{m}\mathrm{o}\mathrm{d}_{P)}$ ,
$e$ , $f(x)\equiv 0$ ( $\mathrm{m}\mathrm{o}\mathrm{d}_{P^{e})}$ $x\equiv a$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ ( , [8]
). , . $-$
, $0$ $0$ , .
2 $f$ . $f\mathrm{m}\mathrm{o}\mathrm{d} p$ – p ( 1
) , 1 .
$f\mathrm{m}\mathrm{o}\mathrm{d} p$ – $P$ , 1 , $f$
, .
2 , $f$ .





, , . $K_{0=}\mathrm{Q},$ $K_{i}=K_{i-}1(\alpha_{i})$ ,
$(i=1, .\cdots, m)$ , $f_{i}(x)\in$ . $\mathrm{z}[\alpha 1, \ldots, \alpha_{i}-1]$ , $K_{i-1}$ $\alpha_{i}$ . $K_{m}$
, , .
$\alpha_{i}\mapsto a_{i}\mathrm{m}\mathrm{o}\mathrm{d} p$ . , $a_{1},$
$\ldots,$ $a_{m}$ , $\tilde{f}_{i}$ ,
$\alpha_{j}$ $a_{j}$ , . 2
$P$ .
2
1. $\deg$ ( $\tilde{f}_{i}$ mod $p$) $=\deg(f)$ .
2. $\tilde{f}_{i}\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ .
3. $a_{i}\not\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ , . $1\leq i\leq m$ .
4. $a_{i}\not\equiv a_{j}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ , $1\leq i<j\leq m$ .




$a_{1},$ $\ldots,$ $a_{m}$ , $\tilde{f}_{1}(a_{1})\equiv-..$ $\equiv\tilde{f}_{m}(a_{m})\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p\rangle$ .
2. , 2 .
, , .
1 $f,$ $g\in \mathrm{Z}[x],$ $(f, g)=1$ , , $f$ . , $a$
, $p|f(a)$ $P\parallel g(a)$ $P$ , $a$ ,
$p|f(a)$ $p|g(a)$ $P$ .
1 , $p|f(a)$ $P$ . $(f, g)=1$ , $A,$ $B\in \mathrm{Z}[x]$
, $Af+Bg=c\in \mathrm{Z}$ . , $p|f(.a)$ $p|g(a)$ $P$ $c$
.. $\blacksquare$
3 $K=Q(\theta)$ , $g\in \mathrm{Z}[x]$ $\theta$ $\mathrm{Q}$ .
, $\alpha_{i}=g_{i}(\theta)$ , , $g_{i}\in \mathrm{Q}[x],$ $\deg(g_{i})<\deg(g)$ , . $\theta$
, $g_{i}\in \mathrm{Z}[x]$ .
1 , $a$ , P (a) p . $g$ $\mathrm{Q}$
, $\deg(g_{i})<\deg(g)$ , $(g, g_{i})=1$ ,
$a$ , $p|g(a)$ p , $a$ , $i$
$(1\leq i\leq m)$ $p|g_{i}(a)$ $P$ $\blacksquare$
$3.2$ . $P$
, $P$ . , , $f$ nlod $P$
. , ( , 4), -
, .
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4 $a$ . , .
$x^{2}-a\mathrm{m}\mathrm{o}\mathrm{d} p$ – $\Leftrightarrow$ $( \frac{a}{p})=1$
, $( \frac{a}{p})$ Legendre . , .
, , $p\equiv 3$ (mod 4) $( \frac{a}{p})=1$ , ,
.
$-$
$x^{2}-a\equiv(x-a^{(+1})p)/4(X+a)(p+1)/4$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ .
, $\alpha$ $a\mathrm{v}1^{-}\mathrm{o}\mathrm{d}_{P}$ , $f(a)$ .
, $f$ $|f(a)|$ , , ,
.
, k. . .
3 , ( , )
, .
1( )
1. $K_{m}=\mathrm{Q}(\theta)$ $\theta$ , $\theta$ $\mathrm{Q}$ $g(x)\in \mathrm{Z}[x]$ .
2. $\alpha_{i}=g_{i}(\theta)$ $g_{i}\in \mathrm{Q}[x](\deg(gi)<\deg(g))$ . $g_{i}\not\in \mathrm{Z}[x]$ $g_{i}$
$lcm$ $d$ , $\theta$ $\theta/d$ , $i$
$g_{i}\in \mathrm{Z}[_{X}]$ .
3. $P$ – .
4. $g(a)\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ $a\mathrm{m}\mathrm{o}\mathrm{d} p$ ( ) , $a_{1}=g_{1}(a),$ $\ldots$ , $a_{m}=g_{m}(a)$
, 2 .
5. $(p, a_{1}, \ldots, a_{m})$ , . :
, $P$ , 4 .
, , , , ,
. , , .
2( )
1. $P$ $-$ .
2. $\tilde{f}_{1}(a_{1})\equiv\cdots\equiv\tilde{f}_{m}(a_{m})\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ ( $a_{1}$ mod $p,$ $\ldots,$ $a_{m}$ mod $p$) ( )
, 2 .
3. ($p,$ $a_{1,\ldots,}$a) , .
, $P$ , 2 .
4.
, .
, DEC Alpha Server 4100/5/400 $(400\mathrm{M}\mathrm{H}\mathrm{z})$ $\mathrm{C}$ ,
( 2) .
188
5 $K=\mathrm{Q}(\sqrt{2}, \sqrt{3}, \ldots, \sqrt{47})$ ( $\mathrm{Q}$ 50 15 ).
$[K : \mathrm{Q}]$ , $2^{15}=32768$ . , , Legendre
. , $q=2,3,$ $\ldots,$ $47$ , $=1$
$P$ . , , Legendre Jacobi .
$p=9257329$ , 1 .
6 $L=\mathrm{Q}(\sqrt{2}, \sqrt{3}, \ldots, \sqrt{97})$ ( $\mathrm{Q}$ 100 25 ).
$[L..\mathrm{Q}]$ , $2^{25}\sim 3\cross 10^{7}$ . , $q=2,3,$ $\ldots,$ $97$ ,





. , $P$ .
, $\mathrm{g}\mathrm{c}\mathrm{d}$ , $P$ ,
.
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